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Àííîòàöèÿ

Òåîðèÿ ñëó÷àéíûõ ïðîöåññîâ, îïèñûâàåìûõ ñòîõàñòè÷åñêèìè
äèôôåðåíöèàëüíûìè óðàâíåíèÿìè ñ ãàóññîâîé ñëó÷àéíîé ñè-
ëîé â ïðàâîé ÷àñòè äîïóñêàåþò òåîðåòèêî-ïîëåâóþ ôîðìóëè-
ðîâêó â âèäå ïðîèçâîäÿùåãî ôóíêöèîíàëà. Ýòî ïîçâîëÿåò ñòðî-
èòü ìíîãîìàñøòàáíûå ðàçëîæåíèÿ òàêèõ ïðîöåññîâ ïåðåõîäÿ
îò êîîðäèíàòíî-çàâèñèìûõ ïîëåé u(x , ·) ê èõ âåéâëåò-îáðàçàì
ua(x , ·), çàâèñÿùèì îò ìàñøòàáà a. Òåîðèÿ ÿâëÿåòñÿ êîíå÷íîé ïî
ïîñòðîåíèþ, à ðåíîðìãðóïïîâàÿ ñèììåòðèÿ ïðåäñòàâëÿåò ñîáîé
ñèììåòðèþ ìåæäó ôëóêòóàöèÿìè ðàçëè÷íûõ ìàñøòàáîâ. Òóðáó-
ëåíòíûå ïîïðàâêè ê âÿçêîñòè è ïàðíîìó êîððåëÿòîðó ñêîðîñòè
âû÷èñëåíû â îäíîïåòëåâîì ïðèáëèæåíèè. Ýòî äàåò çàâèñèìîñòü
òóðáóëåíòíîé âÿçêîñòè îò ìàñøòàáà íàáëþäåíèÿ.

Ññûëêè

MA, Quantum �eld theory without divergences, Phys. Rev. D 81
(2010) 125003
MA, M.Hnatich and N.E.Kaputkina, Renormalization of viscosity in
wavelet-based model of turbulence, Phys. Rev. E 98 (2018) 033116
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Òåìàòèêà è ïëàí äîêëàäà

Êâàíòîâîïîëåâîé ïîäõîä ê òåîðèè òóðáóëåíòíîñòè

Êîëìîãîðîâñêàÿ òåîðèÿ òóðáóëåíòíîñòè

Ðåíîðìàëèçàöèîííàÿ ãðóïïà

Ðàçäåëåíèå ôëóêòóàöèé ðàçëè÷íûõ ìàñøòàáîâ ñ ïîìîùüþ
âåéâëåò-ïðåîáðàçîâàíèÿ

Êîíå÷íûå ïîëåâûå òåîðèè íà îñíîâå ìàñøòàáíîçàâèñèìûõ
ïîëåé ua(x , t)

Ðåíîðìãðóïïà â ôîðìàëèçìå ìàñøòàáíîçàâèñèìûõ ïîëåé

Òóðáóëåíòíàÿ âÿçêîñòü

References:

M.V.Altaisky, M.Hnatich and N.E.Kaputkina,
Renormalization of viscosity in wavelet-based model of turbulence,
Phys. Rev. E 98(2018)033116
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Òóðáóëåíòíîñòü â íåñæèìàåìîé æèäêîñòè

Òóðáóëåíòíîñòü:

Õàîòè÷åñêîå äâèæåíèå æèäêîñòè, âîçíèêàþùåå èç ëàìèíàðíîãî
ïðè ïðåâûøåíèè íåêîòîðûõ çíà÷åíèé ïàðàìåòðîâ

Ñèììåòðèè:

îäíîðîäíîñòü P[u(t, x + ∆x)] = P[u(t, x)]

ñòàöèîíàðíîñòü P[u(t + ∆t, x)] = P[u(t, x)]

èçîòðîïèÿ P[u(t, R̂(θ)x ] = P[u(t, x)]

ýðãîäè÷íîñòü

〈f [u(t, x)]〉 = lim
T→∞

1

T

∫ T

0
f [u(t, x)]dt

Òóðáóëåíòíîñòü â íåñæèìàåìîé æèäêîñòè ∇·u = 0 îïèñûâàåòñÿ
óðàâíåíèÿìè Íàâüå-Ñòîêñà ñî ñëó÷àéíîé ñèëîé f (t, x , ·) â ïðàâîé
÷àñòè

∂u

∂t
+ (u · ∇)u = ν∆u −∇p + f (t, x , ·)

4 Ì.Â.Àëòàéñêèé Âåéâëåòû â ÊÒÏ è òóðáóëåíòíîñòè



Êîëìîãîðîâñêàÿ òåîðèÿ òóðáóëåíòíîñòè

Reynolds similarity law [O.Reynolds,Phil. Trans. R. Soc. Lond.
A,186(1895)123-164]: Let

ũ =
u

V
, x̃i =

xi
L
, t̃ = t

V

L
, P̃ =

P

ρV 2

then the �ows of the same type with equal Reynolds numbers
Re = VL

ν are similar to each other.

Ãèïîòåçû Êîëìîãîðîâà (K41) ÄÀÍ ÑÑÑÐ, 1941, ò.30, ññ. 9-13

I.Äëÿ ëîêàëüíî èçîòðîïíîé òóðáóëåíòíîñòè n-òî÷å÷íîå
ðàñïðåäåëåíèå ïîëÿ ñêîðîñòè Fn îäíîçíà÷íî îïðåäåëÿåòñÿ
êèíåìàòè÷åñêîé âÿçêîñòüþ ν è ñêîðîñòüþ äèññèïàöèè ýíåðãèè
íà åäèíèöó ìàññû ε.
II. Â èíåðöèîííîì èíòåðâàëå, ò.å., êîãäà ìàñøòàá íàáëþäåíèÿ l
ñóùåñòâåííî ïðåâîñõîäèò êîëìîãîðîâñêèé ìàñøòàá
l0 = ν3/4/ε1/4, ðàñïðåäåëåíèÿ îäíîçíà÷íî îïðåäåëÿþòñÿ
ñêîðîñòüþ äèññèïàöèè ýíåðãèè íà åäèíèöó ìàññû ε, è íå
çàâèñÿò îò âÿçêîñòè ν.
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Ñòðóêòóðíûå ôóíêöèè è ñïåêòð ýíåðãèè

Ñïåêòð ýíåðãèè òóðáóëåíòíûõ
ïóëüñàöèé

E =

∫
|u(x)|2d3

x =

∫ ∞
0

E (k)dk

ãäå

E (k) =

∫
|k|=k
〈u(k)u(−k)〉d3

k

Êîëìîãîðîâñêèé àíàëèç ðàçìåð-
íîñòåé äàåò

E (k) = Cε2/3k−5/3

Äëÿ ñòðóêòóðíûõ ôóíêöèé ïîëÿ
ñêîðîñòè

Sq(l) = 〈|u(x)− u(x + l)|q〉

ïîäñ÷åò ðàçìåðíîñòåé äàåò

Sq(l) ∝ (εl)
q
3 , δu(l) ∝ l

1
3

Ïîïðàâêè ê êîëìîãîðîâñêîìó ñêåéëèíãó íà ìàñøòàáå
íàáëþäåíèÿ l äîëæíû çàâèñåòü îò l/l0 è l/L
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Êâàíòîâîïîëåâîé ïîäõîä ê òóðáóëåíòíîñòè

Òóðáóëåíòíîñòü = ñëó÷àéíûé ïðîöåññ, îïèñûâàåìûé ÑÄÓ
V̂ [u(x)] = f (x , ·), ãäå V̂ � íåëèíåéíûé îïåðàòîð, à f (x , ·) � ñëó-
÷àéíàÿ ñèëà. Çàäà÷à çàêëþ÷àåòñÿ â êîíñòðóèðîâàíèè ïðîèçâî-

äÿùåãî ôóíêöèîíàëà G [Au(x)], òàêîãî, ÷òî ñòàòèñòè÷åñêèå ìî-
ìåíòû ðåøåíèÿ u(x , ·) ìîãóò áûòü ïîëó÷åíû âàðüèðîâàíèåì:

〈u(x1) . . . u(xn)〉 =
δnG [Au(x)]

δAu(x1) . . . δAu(xn)

∣∣∣∣
Au=0

Ïðîèçâîäÿùèé ôóíêöèîíàë ìîæåò áûòü çàïèñàí â âèäå

G [Au] =

∫
e
∫
Au(x)u(x)dxP[u(x)]Du,

ãäå âåðîÿòíîñòü êîíôèãóðàöèè u(x) îïðåäåëÿåòñÿ èç óðàâíåíèé
äâèæåíèÿ ñî ñëó÷àéíîé ñèëîé â ïðàâîé ÷àñòè:

P[u(x)] ∼
∫
δ(V̂ [u(x)]− f (x))ρ[f ]Df , ρ[f ] ∼ e−

fD−1f
2

7 Ì.Â.Àëòàéñêèé Âåéâëåòû â ÊÒÏ è òóðáóëåíòíîñòè



Ôîðìàëèçì óäâîåíèÿ ïîëåé
P.C.Martin, E.D. Sigia, and H.A. Rose, Phys. Rev. A 8(1973)423

Ñ ïîìîùüþ ââåäåíèÿ äîïîëíèòåëüíîãî ïîëÿ u′ ìîæíî çàïèñàòü
äåëüòà-ôóíêöèþ îò óðàâíåíèé äâèæåíèÿ â âèäå ýêñïîíåíòû:
δ(·) ∼

∫
Du′(x) exp

(∫
dxu′(x)(·)

)
. Äëÿ óðàâíåíèé Íàâüå-Ñòîêñà

ýòî ïðèâîäèò ê ïðîèçâîäÿùåìó ôóíêöèîíàëó âèäà

G [A] =

∫
exp

(
S [Φ] +

∫
dd

xdtAΦ

)
DΦ ≡ eW [A],

ãäå Φ = (u(t, x), u′(t, x)) � äóáëåò ïîëåé; u′(t, x) � Ìàðòèí-
Ñèäæèà-Ðîóçîâñêîå ïîëå. A(t, x) ≡ (Au,Au′) � ïðîèçâîëüíûé
àðãóìåíò âàðüèðîâàíèÿ. �Äåéñòâèå� èìååò âèä

S [Φ] =
1

2

∫
u′Du′ +

∫
u′[−∂tu + ν∆u − (u · ∂)u],

ãäå D(x − x ′) = 〈f (x)f (x ′)〉. Äàâëåíèå èñêëþ÷àåòñÿ ñ ïîìîùüþ
óñëîâèÿ íåñæèìàåìîñòè. Äåòåðìèíàíò ‖δV /δu‖ ìîæíî îòáðîñèòü

ïóòåì ïåðåîïðåäåëåíèÿ ôóíêöèé Ãðèíà íà ðàçðûâå L.Ts.Adzhemyan,

A.N. Vasil'ev and Yu.M. Pis'mak, Teor. Mat. Phys. 57(1983) pp.1131-

1143(en), 268-281(ru)
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Âûáîð ñëó÷àéíîé ñèëû

Ðàáîòà ñëó÷àéíîé ñèëû D(x − x ′) = 〈f (x)f (x ′)〉 äîëæíà êîìïåí-
ñèðîâàòü äèññèïàöèþ ýíåðãèè 〈uf 〉 = ε. Ñëó÷àéíàÿ ñèëà ñ÷èòà-
åòñÿ δ-êîððåëèðîâàííîé ïî âðåìåíè, è ñêîíöåíòðèðîâàííîé íà
ÈÊ ìàñøòàáàõ â ïðîñòðàíñòâå.

〈u̇i (t, x)ui (t, x)〉 =

∫
eıx(k1+k2)〈fi (t, k1)

∫ t

fi (τ, k2)dτ〉 d
3k1

(2π)3

d3k2

(2π)3

äëÿ δ-êîððåëèðîâàííîé ñëó÷àéíîé ñèëû :

〈fi (x)fj(x
′)〉 =

∫
d4k

(2π)4 d(k)Pij(k)eık(x−x ′), ãäå Pij(k) = δij −
kikj
k2 ,

èìååì

ε =

∫
d3k

(2π)3
d(k),

ïðè íîðìèðîâêå G0(0, x) = 1
2

Îáû÷íî âûáèðàþò 〈f (k)f (k ′)〉 ∼ δ(ω + ω′)δ(k + k ′)k−y ;
y > −2 äëÿ ñèëüíî íåðàâíîâåñíûõ òå÷åíèé V.Yakhot, S.Orszag.
J.Sci.Comp. 1(1986)3
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Ôåéíìàíîâñêèå ðàçëîæåíèÿ

Äåéñòâèå S ñîñòîèò èç S0[Φ] = ΦKΦ
2

K =

(
0 ∂t + L̂

−∂t + L̂ D

)
, L̂ = ν∆,

è íåëèíåéíîãî âçàèìîäåéñòâèÿ

V [Φ] = −1

2
ui
′[δis∇j + δij∇s ]ujus

Ôóíêöèîíàëüíîå èíòåãðèðîâàíèå ïî Φ,
âûïîëíåííîå ñî ñâîáîäíûì äåéñòâèåì S0,
äàåò ìàòðèöó âòîðûõ ìîìåíòîâ W [J] =
JK−1J

2 , ãäå

K−1 =

(
D

|∂t−L̂|2
(∂t − L̂)−1

(∂t − L̂)−1T 0

)
.

u u’

〈uu′〉 =
1

−ıω + ν0k2

u u

〈uu〉 =
d(k)

ω2 + ν2
0k

4

Vijs =
ı

2
(kjδis + ksδij)

where k is momentum
incident to u′.
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Ïðèìåíåíèå ìåòîäîâ ÊÒÏ ê òóðáóëåíòíîñòè

Âûâîä êîëìîãîðîâñêîãî ñïåêòðà

E (k) = CKε
2
3 k−

5
3

Âû÷èñëåíèå êîíñòàíòû
Êîëìîãîðîâà CK ≈ 1.6

Skewness S = − 〈(∇u)3〉
〈(∇u)2〉

3
2
≈ 0.6

Òóðáóëåíòíàÿ âÿçêîñòü

Ïåðåíîñ ïàññèâíîé ïðèìåñè

ÌÃÄ

= +
1
_

2

+ +

Âû÷èñëåíèå ïàðíîãî
êîððåëÿòîðà ïîëÿ

ñêîðîñòè

= + +...

Âû÷èñëåíèå ôóíêöèé
Ãðèíà äàåò òóðáóëåíòíûå
ïîïðàâêè ïîïðàâêè ê

âÿçêîñòè
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Wavelet methods in turbulence

ua(b) =

∫
1

a
ḡ

(
x − b

a

)
u(x)dx

There are a number of reasons
for using wavelets in turbulence

Intermittency

Self-similarity

Fractal structure

Pictures from asme.org

... without saying a word on
wavelet numeric simulations.

V.Zimin, Izv. Atmos. Ocean.
Phys. 17(1981)941

M.Vergassola and U.Frisch,
Physica D 54(1991)58

J.F.Muzy, E.Bacry and
A.Arneodo, Phys. Rev. Lett
67(1991)3515

C.Meneveau, J.Fluid.Mech

232(1991)469

M.Farge, Ann. rev. �uid.
mech. 24(1992) 395

N.Asta�eva, Phys. Usp.
39(1996)1085

and many others ...
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Âåéâëåò-ðàçëîæåíèå ïîëÿ ñêîðîñòè
MA, M.Hnatich, N.E.Kaputkina, Phys. Rev. E 98 (2018)033116

λ� l0 � a < L

mean free path Kolmogorov scale External scale
Äëÿ àíàëèçà ëîêàëüíûõ ñâîéñòâ òóðáóëåíòíîãî ïîëÿ ñêîðîñòè
u(t, x) ïðèìåíÿþò íåïðåðûâíîå âåéâëåò-ïðåîáðàçîâàíèå (CWT):

ua(b) =

∫
Rd

1

ad
ḡ

(
x − b

a

)
u(x)dd

x

Îáðàòíîå ïðåîáðàçîâàíèå:

u(x) =
1

Cg

∫ ∞
0

da

a

∫
Rd

1

ad
g

(
x − b

a

)
ua(b)dd

b,

ïðè äîñòàòî÷íî ñëàáûõ îãðàíè÷åíèÿõ íà áàçèñíûé âåéâëåò g :
Cg =

∫∞
0 |g̃(a)|2 da

a <∞.
Èìååò ìåñòî ÷àñòîòíàÿ ôèëüòðàöèÿ: ũa(k) = ¯̃g(ak)ũ(k)
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Ìíîãîìàñøòàáíûé ïðîèçâîäÿùèé ôóíêöèîíàë

Ìíîãîìàñøòàáíàÿ ÊÒÏ:

Φ(x) âûðàæàåòñÿ ÷åðåç Φa(x) ïîñðåäñòâîì îáðàòíîãî
âåéâëåò-ïðåîáðàçîâàíèÿ.

Ìåðà èíòåãðèðîâàíèÿ dx ≡ dtddx ìåíÿåòñÿ íà
dµa = dt d

dxda
a

Òàê ñòðîèòñÿ ïðîèçâîäÿùèé ôóíêöèîíàë äëÿ ìàñøòàáíî-
çàâèñèìûõ ïîëåé

G [A] = eW [A] =

∫
DΦa(x)eS[Φa]+

∫
dxda
a

Aa(x)Φa(x)

Ôóíêöèîíàëüíûå ïðîèçâîäíûå áåðóòñÿ ïî ìåðå dµa:

〈Φa1(x1) . . .Φan(xn)〉c =
δnW [A]

δAa1(x1) . . . δAan(xn)

∣∣∣∣
A=0

.

Ñëó÷àéíàÿ ñèëà, δ-êîððåëèðîâàííàÿ ïî x è t, ñîñðåäîòî÷åíà íà
âíåøíåì ìàñøòàáå L: Daa′(k) ∼ δ(t − t ′)δ(a− a′)δ(a− L):

〈f̃ai (t, k)f̃a′j(t
′, k ′)〉 = δ(t−t ′)Pij(k)g0ν

3
0Cg (2π)dδd(k+k

′)aδ(a−a′)δ(a−L)
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Äèàãðàìíàÿ òåõíèêà ìíîãîìàñøòàáíîé òåîðèè

Èíòåãðèðîâàíèå íà âíóòðåííèõ ëèíèÿõ âûïîëíÿåòñÿ ïî
ìåðå dω

2π
ddk

(2π)d
da
a

1
Cg

2 òèïà ëèíèé: a) Ôóíêöèè Ãðèíà 〈uu′〉 è b) êîððåëÿöèîííûå
ôóíêöèè 〈uu〉; îíè îïðåäåëÿþòñÿ ýëåìåíòàìè ìàòðèöû
ïðîïàãàòîðà, óìíîæåííûìè íà âåéâëåò-ôàêòîðû g̃(ak).

Êàæäàÿ ëèíèÿ ñ èìïóëüñîì k ñîäåðæèò îðòîãîíàëüíûé
ïðîåêòîð Pij(k), ãäå i è j âåêòîðíûå èíäåêñû ëèíèè:

G
(0)
iα,jβ =

g̃(αk)Pij(k)g̃(βk)

−ıω + ν0k
2

,D
(0)
iα,jβ =

g0ν
3
0

CgL

g̃(αk)Pij(k)|g̃(kL)|2 ¯̃g(βk)

| − ıω + ν0k
2|2

Âåðøèíû äèàãðàìì çàäàþòñÿ âûðàæåíèåì
mabc(k) = ı

2 (kbδac + kcδab) , óìíîæåííûì íà 3
âåéâëåò-ôàêòîðà.

Âíóòðåííèå ëèíèè äèàãðàìì íå ñîäåðæàò ìàñøòàáîâ ai ,
ìåíüøèõ ìèíèìàëüíîãî ìàñøòàáà âñåõ âíåøíèõ ëèíèé
A = mine ae .
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Îäíîïåòëåâàÿ ïîïðàâêà ê âÿçêîñòè

Èíòåãðèðîâàíèå ôóíêöèé Ãðèíà ïî
âíóòðåííèì ëèíèÿì â äèàïàçîíå ìàñ-
øòàáîâ (A,∞) äàåò ôàêòîð f 2

g (x):

fg (x) =
1

Cg

∫ ∞
x

|g̃(a)|2

a
da, x = kA

The corrections to viscosity are
determined by the vertex function
Γ(2), which is inverse to two-point Green
function Γ(2)G (2) = 1.
In null order approximation

Γ
(2)
0 = g̃(αk)Pij(k)g̃(βk)(−ıω + ν0k

2)

Turbulent contribution to viscosity:

Γ(2) = Γ
(2)
0 + Σ

Áåçðàçìåðíûé ìàñøòàá
ξ = A/L

Calculations with g1

wavelet

g̃1(k) = −ıke−
k2

2 ,

Cg1 =
1

2
,

fg1(x) = e−x
2

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

-3 -2 -1  0  1  2  3

g1
k

a

k

s

b l

k/2+q

k/2−q

α β

k/2

c f

=−Σ αβ
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Äèàãðàììà �ñîáñòâåííîé ýíåðãèè� Σ

p± = k
2 ± q

Σ = −ν0g0kL

∫ ∞
0

y2dy

(2π)2
e−(kL)2(1+4ξ2)( 1

4
+y2)×

×
∫ π

0
dθ sin θ

Las(k, p+, p−)e−(kL)2y cos θ

1
4 + y2 − ı ω

2ν0k
2

Las(k , p+, p−) =
δas
4

[
(p+k)(p+p−)

p+2
− (kp−)

]
+

p+
a p
−
s

2

[
(p+k)

p+2
− (p−k)(p+p−)

p−2p+2

]
+ p−a p

−
s

[
(kp−)

p−2
− (p+k)(p+p−)

2p−2p+2

]
− kap

−
s

2
+ p+

a ks
p+p−

4p+2
− p−a ks

4
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Ïåðåíîðìèðîâêà âÿçêîñòè: ν(ξ) = νL
(
1− gLΣδ(ξ)

)
Ìîæíî âûðàçèòü âêëàä �ñîáñòâåí-
íîé ýíåðãèè� â îáðàòíûé ïðîïàãàòîð
Γ(2) â âèäå ñóììó òðàíñâåðñàëüíîé è
ïðîäîëüíîé ÷àñòåé. Òðàíñâåðñàëüíàÿ
÷àñòü îòâåòñòâåííà çà ïîïðàâêè ê âÿç-
êîñòè:

Σα=β=A
as = ν0g0Σδk2

(
δas −

kaks
k2

)
+ ν0g0Σλkaks

Âåëè÷èíà Σδ(ξ) êîíå÷íà, è ìîæåò áûòü
âû÷èñëåíà äëÿ ìàëûõ ìàñøòàáàõ A

L ≡
ξ . 1, åñëè èçâåñòíû νL è gL íà âíåø-
íåì ìàñøòàáå L. Ìû èõ íå çíàåì, è
âûíóæäåíû ïðèìåíÿòü èòåðàöèîííóþ
ïðîöåäóðó ÐÃ.

 0.2
 0.25

 0.3 3
 4

 5
 6

 7

 2.8

 3

 3.2

 3.4

 3.6

ν

A/L

kL

ν

The dependence of turbulent viscosity

νA(k) on the observation scale ξ = A/L

and the dimensionless momentum x = kL.

Calculations were performed in the IR

region at the assumption of invariant

gAν
3
A = gLν

3
L , i.e., small K(ξ), and

normalization momentum x∗ = 4π.

Figure from MA, M.Hnatich,

N.E.Kaputkina, Phys. Rev. E98(2018)

033116
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Σδ

Σδ =
kL

128Cg

∫ ∞
0

y2dy

(2π)2

e−(kL)2(1+4ξ2)( 1
4

+y2)

1
4 + y2 − ı ω

2ν0k
2

×
∫ 1

−1
dµ

(1− µ2)(8µ2y2 + µ(8y3 − 10y) + 4y2 + 1)(
1

4y + y − µ
)(

1
4y + y + µ

) e−(kL)2yµ
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Óðàâíåíèÿ ðåíîðìàëèçàöèîííîé ãðóïïû

Ñåòêà ìàñøòàáîâ
l0
L = ξ0 < . . . < ξL−2 < ξL−1 < ξL = 1
ξk = ξ0δ

k , δ > 1, ln ξk = ln ξ0 + k ln δ
Èòåðàöèîííàÿ ïðîöåäóðà:
νk−1 − νk

νk
= −g(ξk)Σ(ξk−1)↔ d ln ν

d ln ξ
= g(ξ)

Σ(ξ)

ln δ

Force renormalization D(ξ) = g(ξ)ν3(ξ)/L:

DL−1 − DL

DL
= DL ∗ OneLoopK (ξL−1).

d ln ν

d ln ξ
= g(ξ)

Σ(ξ)

ln δ
,

d lnD

d ln ξ
= −K (ξ)

ln δ

L

Al
0

k

a s

b l

k/2+q

k/2−q

α β

k/2

c f

−k
K=

K(ξ) =
(kL)3

16

∫
y4dy

(2π)2
dµ

e
−2(Lk)2(1+2ξ2)

(
1
4

+y2
) (

1
4

+ y2
)

(
1
4

+ y2 + ı
2k0
ν0k

2

)(
1
4

+ y2 − ı 2k0
ν0k

2

) (1− µ2)(8y2µ2 + 4y2 + 1)(
1
4

+ y2 − yµ
) (

1
4

+ y2 + yµ
)
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Ðåøåíèå óðàâíåíèé ÐÃ d ln ν
d ln ξ = g(ξ)Σ(ξ)

ln δ

D(ξ) = g(ξ)ν3(ξ)/L⇒ ln g(ξ) = lnD + ln L− 3 ln ν(ξ)

g(ξ) ìîæíî ïîíèìàòü êàê áåãóùóþ êîíñòàíòó ñâÿçè. Óðàâíåíèå
ÐÃ

d ln g

d ln ξ
= −K (ξ)

ln δ
− 3g(ξ)

Σ(ξ)

ln δ

èìååò ðåøåíèå g(ξ) = gLe
∫ 1
ξ

dη
η K(η)

1−3gL
∫ 1
ξ

dξ′
ξ′ Σ(ξ′)e

∫ 1
ξ′

dη
η K(η)

.

Ïîñêîëüêó K(ξ)� 1,K(ξ)� Σ(ξ) êîððåëÿòîð ñèëû ìîæíî ñ÷èòàòü ïðàêòè÷åñêè êîíñòàíòîé

g(ξ) =
gL

1− 3gL
∫ 1
ξ

Σ(η)
ln δ

dη
η

, ln
ν(ξ)

νL
= −

∫ 1

ξ

gL

1− 3gL
∫ 1
ξ′

Σ(η)
ln δ

dη
η

Σ(ξ′)

ln δ

dξ′

ξ′
,

ãäå g0ν
3
0 ≈ gLν

3
L.
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Âû÷èñëåíèå ñïåêòðà ýíåðãèè

Ïàðíûé êîððåëÿòîð ïîëÿ ñêîðîñòè 〈ũa(ω, k)ũ′
a′(ω

′, k ′)〉 â îäíîïåòëå-

âîì ïðèáëèæåíèè

= +
1
_

2

+ +

1e-06

1e-05

0.0001

0.001

0.01

0.1

1

 10  100

E
(x

)

x=kL

A=0.1
A=0.2
A=0.5
A=1.0

JHU

From Phys. Rev. E 98(2018)033116

C(k, ξ) =
g0ν

3
0

νA(k)
Le−(Lk)2

+
(g0ν

3
0 )2

128

(Lk)L

ν4
A

(k)
e−2ξ2(Lk)2

∫ ∞
0

y2dy

(2π)2

e
−2(kL)2(1+2ξ2)

(
1
4

+y2
)

1 + 1
2

(
1
4

+ y2
)

×
∫ 1

−1
dµ

(1− µ2)(8µ2y2 + 4y2 + 1)(
1
4

+ y2 − yµ
) (

1
4

+ y2 + yµ
) +

(g0ν
3
0 )2

32

(Lk)L

ν4
A

(k)

× e−(Lk)2(1+2ξ2)
∫ ∞

0

y4dy

(2π)2

e
−(kL)2(1+4ξ2)

(
1
4

+y2
)

1 + 2
(

1
4

+ y2
)

×
∫ 1

−1
dµ

(µ2 − 1)(8µ2y2 + 2µy(4y2 − 5) + 4y2 + 1)(
1
4

+ y2 − yµ
) (

1
4

+ y2 + yµ
) e−(kL)2yµ
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Ñïàñèáî çà âíèìàíèå !
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