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Presentation Outline

• MHD equations in shallow water approximation with external
vertical magnetic field

• Beta plane approximation

• Linear theory, weakly nonlinear theory, parametric 
instabilities

• 2D β-plane MHD turbulence, zonal flows, аnisotropic scale in 
MHD turbulence



MHD Shallow Water Equations
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Linear Waves. Magnetostrophic and magneto-
Poincare modes

Magneto-Poincare mode:

Magnetostrophic mode:

Dispersion relation:

In nonrotating case where            :0=f

2

20

02

2

)(

)(








+

=

H

B
H

B
gHk


- magnetogravity wave

- Alfven wave

Heng K., Spitkovsky A., 2009
Klimachkov D.A., Petrosyan A.S., 2016
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Phase-matching Conditions

321 kkk +=
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Possibility of three-wave interaction with isotropic

Necessary conditions

)(k

Interaction is allowed: Interaction is forbidden:



Multiscale Asymptotic Method
Solution in a form of a series in the small parameter:

according to:
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solutionlinear   -   

solution stationary  -   
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Terms propotional to ε²:

Compatibility condition:

z – eigenvector of adjoint for H matrixr
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Equations for the Amplitudes of Interacting Waves

Equations for three magneto-Poincare waves:
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 ,, - amplitudes of interacting magneto-Poincare waves

iii fba ,, - constants are determined by the initial conditions
are different for every case of three-waves interactions:

),,( 111 YXT - “slow” variables 

),,g,,k,k,(k 00321 BHf

• Three magneto-Poincare waves
• Three magnetostrophic waves
• Two magneto-Poincare waves and one magnetostrophic wave
• Two magnetostrophic waves and one magneto-Poincare wave

Klimachkov D.A., Petrosyan A.S., 2017



Decay Instabilities

- amplitude of pump wave

General solution:

Growth rate:

Magneto-Poincare wave decays into two magneto-Poincare waves:
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Parametric Amplifications

Growth rate:

General solution:

Initial condition leads to the equation
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Beta Plane Approximation
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Corilois parameter :

Shallow water equations in beta plane approximation:

yff  +=−+= 0000 cos)(2sin2sin2

                                   - angular velocity             - latitude

yff += 0y

z

Klimachkov D.A., Petrosyan A.S., 2017



Magneto-Rossby waves

Dispersion relation:

Rossby mode (             ):
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Zaqarashvili T.V., Oliver R. et al. 2007
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Instabilities of Rossby waves

- amplitude of pump wave

General solution:

Growth rate:

Decay Instability

Parametric Amplification

Growth rate:

General solution:

Initial condition leads to the equation
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Damping Terms and Threshold 
Amplitudes
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Decay Instability

Parametric Amplification

 32 ,

Growth rate:

Growth rate:
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- damping terms

Critical amplitude:

Critical amplitude:
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2D β-plane magnetohydrodynamic equations

- vorticity

yx vv ,

𝜔𝑡 = 𝐽 𝜓,𝜔 + 𝛽𝜓𝑥 + 𝐽 𝐴, ∆𝐴 − 𝐵0∆𝐴𝑥 + 𝜈∆𝜔 + 𝐹

𝐴𝑡 = 𝐽 𝜓, 𝐴 + 𝐵0𝜓𝑥 + 𝜇∆𝐴

𝜔 = −∆𝜓

𝜔

- stream function𝜓

- magnetic potential𝐴

- Rossby parameter𝛽

- toroidal component of 
magnetic field

𝐵0

𝐽 𝑎, 𝑏 =𝑎𝑥𝑏𝑦 − 𝑎𝑦𝑏𝑥

- kinematic viscosity𝜈

- magnetic diffusivity𝜇

- forcing𝐹

- Jacobian 



Zonal flows in decaying 2D β-plane 
hydrodynamic turbulence

𝜓(x,y) Zinyakov T.A. and Petrosyan A.S., 2018 (submitted)x

y

1024  

1024  

• Zonal flows are 
formed

𝛽 = 10

𝐸𝑚𝑎𝑔
0 = 0



Zonal flows in decaying β-plane 2D 
magnetohydrodynamic turbulence

• Time dynamics of 
zonal flows

𝐸𝑘𝑖𝑛
0 = 𝐸𝑚𝑎𝑔

0

Zinyakov T.A. and Petrosyan A.S., 2018 (submitted)x

y

𝜓(x,y)
1024  

1024  

𝛽 = 10



Magnetic field in decaying 2D β-plane 
magnetohydrodynamic turbulence

𝐴(x,y) Zinyakov T.A. and Petrosyan A.S., 2018 (submitted)x

y

1024  

1024  

• Magnetic field 
lines are aligned 
perpendicular to 
the zonal flows 
because of the 
effect of magnetic 
freezing

𝐸𝑘𝑖𝑛
0 = 𝐸𝑚𝑎𝑔

0

𝛽 = 10



Mean zonal velocity

- Decaying 2D β-plane 
magnetohydrodynamic

turbulence

𝐸𝑘𝑖𝑛
0 = 𝐸𝑚𝑎𝑔

0

- Decaying 2D β-plane 
turbulence

𝐸𝑚𝑎𝑔
0 = 0

ത𝑢(𝑦)

Zinyakov T.A. and Petrosyan A.S., 2018 (submitted)



Anisotropic scale in magnetohydrodynamic
turbulence

𝜏𝑘
𝑀 =

𝑙𝑘𝑈

𝐵2
=
2𝜋 𝑈

𝐵2 𝑘

𝑘𝛽 =
𝛽

2𝑈

𝑈 - root-mean-square velocity

𝐵 - root-mean-square magnetic field

𝑘𝛽
𝑀 =

𝛽𝑈

2𝐵2

- Rhines Scale

The magnetic eddy turnover time:

yx vv ,

The dispersion relation for Rossby waves:

𝜔 = −
𝛽𝑘𝑥
𝑘2

- Anisotropic scale in 
magnetohydrodynamic

turbulence

Zinyakov T.A. and Petrosyan A.S., 2018 (submitted)

𝜏𝑘 =
2𝜋

𝑈 𝑘

The eddy turnover time:

1

𝜏𝑘
= 𝜔𝑡𝑢𝑟𝑏 = 𝜔𝑅𝑜𝑠𝑠𝑏𝑦

1

𝜏𝑘
𝑀 = 𝜔𝑚𝑎𝑔 = 𝜔𝑅𝑜𝑠𝑠𝑏𝑦

The dispersion relation for Rossby waves:

𝜔 = −
𝛽𝑘𝑥
𝑘2



Spectrum of decaying 2D magnetohydrodynamic
turbulence

𝑘𝑚𝑎𝑥 = 3.5

𝑘𝑚𝑎𝑥 = 4.5

𝑘𝛽 =
𝛽

2𝑈
≈4.7

𝑘𝛽
𝑀 =

𝛽𝑈

2𝐵2
≈ 3.7

Zinyakov T.A. and Petrosyan A.S., 2018 (submitted)



Zonal flows in 2D β-plane 
hydrodynamicturbulence

Zinyakov T.A. and Petrosyan A.S., 2018 (submitted)x

y

𝜓(x,y)

Forcing at wavenumbers

14 ≤ 𝑘 ≤ 20

𝐵0 = 0

𝛽 =5

• Zonal flows are 
formed

1024  

1024  



Zonal flows in 2D β-plane magnetohydrodynamic
turbulence in toroidal magnetic field

Forcing at wavenumbers

14 ≤ 𝑘 ≤ 20

Zinyakov T.A. and Petrosyan A.S., 2018 (submitted)x

y

𝜓(x,y)
1024  

1024  

𝐵0 = 10−3

𝛽 =5

• Zonal flows are 
formed



2D β-plane magnetohydrodynamic
turbulence in toroidal magnetic field

Zinyakov T.A. and Petrosyan A.S., 2018 (submitted)x

y

𝜓(x,y)

Forcing at wavenumbers

14 ≤ 𝑘 ≤ 20

𝐵0 = 10−2

𝛽 =5

• Zonal flows aren't 
formed

• The inverse cascade is 
halted by the 
presence of the 
magnetic field

1024  

1024  



Spectrum of 2D β-plane magnetohydrodynamic
turbulence in toroidal magnetic field

Forcing at wavenumbers

14 ≤ 𝑘 ≤ 20

𝛽 = 5 𝐵0 = 10−2

𝑘

𝐸𝑘

• The inverse cascade is halted 
by the presence of the 
magnetic field

• There isn’t transfer of energy 
from forced scales to large 
scales

Zinyakov T.A. and Petrosyan A.S., 2018 (submitted)



Conclusions

• Rotating MHD shallow water equations in external magnetic field, beta 
plane approximation

• Linear waves, nonlinear amplitudes equations in Shallow Water 
Magnetohydrodynamics

• Parametric instabilities in Shallow Water Magnetohydrodynamics

• Beta plane magnetohydrodynamic turbulence, zonal flows

• Anisotropic scale in magnetohydrodynamic turbulence
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Numerical Simulation

• Square box of size 2 π * 2 π with periodic boundary 
conditions

• 1024*1024 collocation points in space
• Pseudospectral method 
• Dealiazing according to the 2/3 rule

• CUDA Parallel Technology with using CUDA C++
• Nvidia Tesla k40


