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Motivation: motion of a charged particle in a  background  magnetic 
field and a  high-frequency wave exited in a plasma
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Fig. 4. (a) Isolines of S(p, q) at k = 1.3, α = 1
3π, ω = 1, $c = 0.5. Projection of resonant curves (ellipses) atH0 = 72, 82, 92 onto the plane

(p, q) are also shown. (b) A phase trajectory with a capture into the resonance (H0 = 92, ε = 0.2). (c) Time evolution of the adiabatic invariant.

S = 16− 2πb0|q| ln |q|
√

g0
+ O(q), (23)

where b0 = (b/q)q=0, g0 = (g)q=0.
Consider the motion for the case when condition (21) is satisfied. In Fig. 4a, the isolines of S(p, q) at the same

parameter values as in Fig. 3a are shown. Projections of resonant curves corresponding to several values of H0
onto the (p, q)-plane are also represented. The resonant curves in Fig. 4a are ellipses. The particle moves along the
averaged trajectory, i.e., the intersection of the isoenergetic surfaceH0 = constant and the plane I = constant. This
trajectory, at appropriate values of I , crosses the resonant curve in two points symmetric w.r.t. the plane q = 0. At
one of these points (A in Fig. 4a), the area S grows in the motion along the resonant flow, i.e., {S, &} > 0. At the
other point (B) it diminishes: {S, &} < 0. Therefore, as the averaged trajectory crosses the resonant curve at the
point A, the particle may be captured into the resonance. Then the particle continues its motion along the resonant
curve until it reaches the point B where it leaves the resonance. The results of computer simulations in this case are
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Fig. 7. A single jump of the adiabatic invariant at the resonance.

where s = sign b, values of g, b are calculated at the point where the adiabatic trajectory crosses the resonance
surface. The value φ∗ strongly depends on initial conditions: a small, of order ε, change of them generally produces
a large, of order 1 change of φ∗. Therefore, the value#I of the jump is also very sensitive to the initial conditions.
Hence, it is reasonable to consider φ∗, h∗, and #I as random values.
It is possible to define the probabilistic distribution of these random values. The distribution of the value ξ =

Frac(h∗/2π |b|) is uniform on the interval (0,1) [9]. The uniformity of this distribution can also be demonstrated
numerically (see Fig. 8). Therefore, (26) allows one to obtain the probabilistic distribution of#I . In particular, the
mean value of #I is [9]

⟨#I ⟩ξ = −
√

ε
s

2π
S(p∗, q∗). (27)

Fig. 8. Distribution of ξ on the interval (0,1). The picture is a result of numerical integration of system (8). A thousand of initial condi-
tions were taken uniformly in the parallelepiped q ∈ (48.9, 51.4), p ∈ (25.7, 27.2), I ∈ (40, 41.2), φ = −1. The parameter values are
ε = 0.005, k = 1.3, &c = 0.51, α = 1

3π .
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A model problem: one-frequency slow-fast Hamiltonian system

Hamilton’s function: 

Hamilton’s equations: 
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I 2 R1,' 2 S1Canonically conjugate variables:                              ,                           

Thus,               are slow variables,      is the fast phase.  
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The averaged system (an adiabatic approximation): 

The (unperturbed ) frequency of the fast phase   is   

The frequency vanishes on a resonant surface                         . 
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{I = a(y, x)}

We assume that the trajectory of the 
averaged system transversally 
crosses the resonant surface.



Introduce the normalised distance  from the resonant surface  
                                             and rescale time to                 . 

§ dynamics of            is  approximately described by the Hamiltonian

Expand  Hamiltonian in                neighbourhood of the resonant surface:

§ dynamics of             is  approximately described by the Hamiltonian

that depends on     .    .  

Dynamics near the resonant surface
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P = (I � a(x, y))/
p
"+O(

p
")



Phase portraits of            for frozen                                      .

Pseudophase:

Pseudophase is related to value of  Hamiltonian     at              (i.e. on  the 
resonant surface);        is  the purely periodic part  of        at 𝜀 = 0.                      
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Improved adiabatic approximation
Canonically conjugate variables: 
Hamilton’s function: 

Hamilton’s equations  

Here         is the average of      over      at 𝜀 = 0. 
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@⇠
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Initial conditions (for t=0).   
For the exact system:   For improved adiabatic approximation:  

<latexit sha1_base64="bO5KiMzH1ruirOuuMBqnyNzKIjk="></latexit>

(J0, 0, ⌘0, ⇠0) = (I0,'0, y0, x0) +O(")
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(I0,'0, y0, x0)



Additional notation

Denotе, for slow time : 

Consider  solution of the perturbed system with initial data                          .  

- solution  in improved adiabatic approximation, 
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⌧ = "t
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!0 (J0, ⌘a(⌧), ⇠a(⌧)) = 0
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!0 (I0, ⌘(⌧), ⇠(⌧)) = 0
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I0, ⌘(⌧), ⇠(⌧) - solution in adiabatic approximation, 
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(I0,'0, y,x0)
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y⇤ = ⌘(⌧⇤), x⇤ = ⇠(⌧⇤)
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!1(I, y, x) = @H̄1(I, y, x)/@I - frequency adjustment.  
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J0, ⌘a(⌧), ⇠a(⌧)



Formula for (pseudo)phase at arrival to resonance
For simplicity of formulations, assume that there are no equilibria at 
the phase portraits of the system near the resonance. 

- value of the phase at arrival at the resonance
Denotе: 

- the corresponding of pseudophase 
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⌅e = ⌅('e; y⇤, x⇤)

The estimate of the error is optimal.

Recall that
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Analytical example.
Consider  a Hamiltonian that depends  on the slow  time:

where  𝑢 𝜏 	 is	a	smooth	function,	 u 0 = 0. 	Equations	of	motion	are	

<latexit sha1_base64="mo8H2pKp/lEwAAotHcB4POx2njY="></latexit>

H =
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2
(I � ⌧)2 + "u(⌧) sin', ⌧ = "t

<latexit sha1_base64="D0TSs+FQqUFpajOy7kIiDgNC//0="></latexit>

İ = �"u(⌧) cos', '̇ = I � ⌧
In this example,  𝜏∗= 𝜏∗,#=	𝐼$. 	 One	can	show	that

where 𝜑#  is a root of equation 
Value 𝐾 is not identically 0. Thus, the estimate              of the  error 
term in the asymptotic formula for the pseudophase is optimal.
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Numerical test

A numerical check of accuracy of the 
formula for pseudophase at the 
resonance gives the slope of the fit 
function 0.4977. 
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Consider a Hamiltonian that depends  on the slow  time:



Scheme of the proof

Consider the function:
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This  is an approximate first integral of motion near the resonant surface. 
Here                                                    Calculate the time derivative of this 
function along solution  and take the integral of this derivative from 0  to 
the time 𝑡!  of arrival into resonance.  Compare two expressions of this 
integral. On the one hand
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b⇤,a = b(⌘(⌧⇤,a), ⇠(⌧⇤,a)).
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Ėdt = E|t=te

� E|t=0

=H1(Ie,'e, ye, xe, ") + b⇤,a'e �
1

2"
↵(y0, x0)(I0 � a(y0, x0))

2

�H1(I0,'0, y0, x0, ")� b⇤,a'0.



On the other hand, we should integrate  from 0  to 𝑡%  the expression
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0(y, x)) +
1

2
↵
0(y, x)(I � a(y, x))2

+
@H1

@I
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Prime denotes derivative  with respect to 𝜏. 

Many terms are cancelled near the resonance in the principal 
approximation. This simplifies estimates in a perturbation theory. 
Comparison of two expressions for the integral leads to the final result.
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