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 Gravitational Lensing: 
 
wide range of beautiful phenomena 
connected with the deflection of light rays 
by gravity



The Castle on the Mall in Washington, D.C., as viewed from the Natural History museum. 

Photo credit: Smithsonian Photo by Eric Long. 

https://www.cfa.harvard.edu/~bmcleod/castle.html

https://www.cfa.harvard.edu/~bmcleod/castle.html


Now we place a black hole with the mass of Saturn over the middle of the Mall, and view the Castle 
through the resulting gravitational lens. 

Note that there are two images of each of the middle towers, one inside the ring and one outside.  
The inner image is turned inside-out. https://www.cfa.harvard.edu/~bmcleod/castle.html

https://www.cfa.harvard.edu/~bmcleod/castle.html


Einstein angle:

Deflection angle of the photon in vacuum does not depend on the photon 
frequency (or energy). Deflection in vacuum is achromatic.

Gravitational lensing in vacuum is achromatic.

Vacuum

Vacuum:



Gravitational lensing in vacuum, the simplest scheme

Note: point-mass lens is never 
used in modelling of observed 
system with several images. It is 
just the simplest model, useful for 
explanation of many effects

Multiple images!

At this picture there is the example of the simplest 
model of Schwarzschild point-mass lens.
Observer sees two point images of source instead 
of one single real point source.
Rays from source which are not in plane of Source-Lens-Observer 
will not go to observer.



QSO 0957+561

Maximum separation – 6.1 
arcsec 

Image redshift – 1.41 

Lens redshift – 0.36 

B/A = 2/3

The first observational example of gravitational lens (1979)

A

B

Note: lens here is not point-mass but 
has more complicated structure



The Einstein Cross

It is observed: four 
QSO images arrayed 
around the nucleus 
of the galaxy.

Now more than hundred of such system (so called strong lens system), with 
several images of the same distant source



How is this situation changed in presence of plasma?
In plasma two effects should be taken into account:

1) Effect of refractive deflection in non-homogeneous medium

n=n(x) ‘Non-homogeneous’ means here that the refractive 
index depends explicitly on space coordinates

2) What about the gravitational deflection itself?
Let us consider a homogeneous medium, so there is no refractive 
deflection.

Plasma:

Is the gravitational deflection of the light rays in the 
medium the same as in vacuum?



is the gravitational deflection of the light rays in the medium the 
same as in vacuum?

We mean here the homogeneous medium, so there is no 
refraction.

Answer is:
deflection is the same as in vacuum, if medium is 
non-dispersive (n=const)
And it differs, if medium is dispersive! (n=n(omega))

The physical reason is a dependence of the wave frequency on 
space coordinates in presence of gravity (gravitational redshift)

???

Vacuum
Homogeneous 
medium

Bisnovatyi-Kogan and Tsupko (2009, 2010)



We have shown for the first time, that the gravitational deflection in 
homogeneous plasma differs from the vacuum deflection angle, and 
depends on frequency of the photon:

in vacuum

Chromatic gravitational 
deflection!

Gravitational deflection of light rays in presence of uniform plasma

in homogeneous plasma

What about plasma?

Bisnovatyi-Kogan and Tsupko 2009, 2010, 2013

Refraction index 
of plasma:
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SourceImages Images

Lense

Observer

1 12 23 3

ω1 > ω2 > ω3 

Effect of ‘Gravitational radiospectrometer'

vacuum homogeneous plasma

Instead of two 
concentrated images 
with complicated 
spectra, we will have 
two ‘rainbow’ images, 
formed by the 
photons with different 
frequencies, which 
are deflected by 
different angles.

Point-mass 
gravitational lens in 
homogeneous plasma: 
it acts like 
spectrometer!

Effect is 
significant only 
for radiowaves

Different colors mean different wavelengths



Gravitational lensing in non-homogeneous plasma:

In non-homogeneous plasma two effects should be 
taken into account:

1) Difference of gravitational deflection from vacuum 
case due to plasma presence

2) Refraction (usually bigger)

Both effects are chromatic in plasma



Total deflection angle (in weak deflection approximation)

Additional correction to the gravitational deflection due to 
plasma presence. It depends on the photon frequency. It 
takes place both in homogeneous and inhomogeneous 
plasma

The refraction connected with the plasma 
inhomogeneity. It depends on the photon frequency 
because the plasma is dispersive medium. This 
angle equals to zero if the plasma is homogeneous.

Vacuum gravitational
deflection (Einstein)
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gravitational deflection in plasma

Bisnovatyi-Kogan and Tsupko (2009, 2010)



Observational predictions:
Xinzhong Er, Shude Mao, 2014: angular difference between optical and radio 
images is up to 10^(-2) arcsec due to presence of inhomogeneous plasma

for 375 MHz



What we propose for observations:

1) Compare observations of 
strong lens system with 
multiple images in optical and 
radio band, or compare 
observations in two radio 
bands

2) Shift of angular position of 
every image can be observed

3) As a result: investigation of 
plasma properties in vicinity 
of lens



Riazuelo A 2014 Simulation of starlight lensed by a camera orbiting a Schwarzschild black hole 
(www2.iap.fr/users/riazuelo/interstellar)

Black hole shadow

http://www2.iap.fr/users/riazuelo/interstellar


Shadow of BH, influence of plasma on its size
V. Perlick, O.Yu. Tsupko, G.S. Bisnovatyi-Kogan, Phys. Rev. D 92, 104031 (2015)
 

SMBH in the center of galaxies, for example, in the center of our galaxy

A distant observer should “see” this black hole as a dark disk in the sky 
which is known as the “shadow”

For the black hole at the center of our galaxy, size of the shadow is about 
53 µas (size of grapefruit on the Moon).

At present, two projects are under way to observe this shadow which 
would give important information on the compact object at the center of 
our galaxy. These projects, which are going to use (sub)millimeter VLBI 
observations with radio telescopes distributed over the Earth, are the 
Event Horizon Telescope (http://eventhorizontelescope.org) and the 
BlackHoleCam (http://blackholecam.org).



Note: The shadow is not an image of the event horizon. The boundary of the 
shadow corresponds to light rays that asymptotically approach the photon 
sphere (at r = 3M in the Schwarzschild case) and not the horizon (at r = 2M in 
the Schwarzschild case). Moreover, light rays are bent due to gravity. So 
shadow is the image of region inside the photon sphere increased by light 
bending.

rO

αsh

Angular radius αsh of shadow:

sin2αsh =
27 r2S(rO − rS)

4 r3O
J.L.Synge, Mon.Not.R.Astr.Soc.131,463(1966)

rO = 1.05 rS rO = 1.3 rS rO = 3 rS/2 rO = 2.5 rS rO = 6 rS

On the theoretical side, the shadow is defined as the region of the observer’s 
sky that is left dark if there are light sources distributed everywhere but not 
between the observer and the black hole.

Picture by V. Perlick



We would like to investigate the influence of matter around of BH on the 
observed size of the shadow. Modeling is made by different groups.

We perform the first attempt of analytical investigation of plasma influence 
on the shadow size, in frame of geometrical optics, taking into account 
effects of general relativity and plasma presence.

rO

αsh

Angular radius αsh of shadow:

sin2αsh =
h(rph)

2

h(rO)2

Shadow in a plasma:

Spherically symmetric and static situation:

gikdx
idxk = −A(r)dt2 + B(r)dr2 + D(r)
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The light rays are the solutions to Hamilton’s equa-
tions

ṗi = −
∂H

∂xi
, ẋi =

∂H

∂pi
(5)

which in this case read

ṗt = −
∂H

∂t
= 0 , (6)

ṗϕ = −
∂H

∂ϕ
= 0 , (7)

ṗr = −
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∂r
= (8)
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,

ṫ =
∂H

∂pt
= −

pt
A(r)

, (9)

ϕ̇ =
∂H

∂pϕ
=

pϕ
D(r)

, (10)

ṙ =
∂H

∂pr
=

pr
B(r)

, (11)

with H = 0, i.e.

0 = −
p2t

A(r)
+

p2r
B(r)

+
p2ϕ

D(r)
+ ωp(r)

2 . (12)

Here a dot means differentiation with respect to an affine
parameter λ, and a prime means differentiation with re-
spect to r.
¿From (6) and (7) it follows that pt and pϕ are con-

stants of motion. We write ω0 := −pt. If ω0 has been
fixed and if A(r) → 1 for r → ∞, which is the case if the
spacetime is asymptotically flat, the frequency ω mea-
sured by a static observer becomes a function of r by the
gravitational redshift formula,

ω(r) =
ω0

√

A(r)
. (13)

By (12), a light ray with constant of motion ω0 is re-
stricted to the region where

ω2
0

A(r)
> ωp(r)

2 . (14)

The restriction (14) physically means that the photon
frequency at a given point, ω(r), must be bigger than
the plasma frequency, ωp(r), at the same point. This is
always true for light propagation in a plasma.

To derive the orbit equation, we use (10) and (11) to
find

dr

dϕ
=

ṙ

ϕ̇
=

D(r)pr
B(r)pϕ

. (15)

Upon substituting for pr from (12), this results in

dr

dϕ
= ±

√

D(r)
√

B(r)

√

ω2
0

p2ϕ
h(r)2 − 1 (16)

where we have defined the function

h(r)2 =
D(r)

A(r)

(

1−A(r)
ωp(r)2

ω2
0

)

. (17)

In general, the orbit has to be decomposed into sections
where r is increasing as a function of ϕ and sections where
it is decreasing, and the sign in (16) has to be chosen
appropriately. For a light ray that comes in from infinity,
reaches a minimum at a radius R, and goes out to infinity
again, integration over the orbit gives the formula for the
bending angle, δ,

π + δ = 2

∫ ∞

R

√

B(r)
√
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(

ω2
0

p2ϕ
h(r)2 − 1

)−1/2

dr . (18)

As R corresponds to the turning point of the trajectory,
the condition dr/dϕ

∣

∣

R
= 0 has to hold. This equation

relates R to the constant of motion pϕ/ω0,

h(R)2 =
p2ϕ
ω2
0

. (19)

Then the deflection angle can be rewritten as a function
of only R and ω0 (for a given plasma distribution) as

π + δ = 2

∫ ∞

R

√

B(r)
√

D(r)

(

h(r)2

h(R)2
− 1

)−1/2

dr . (20)

Example 1: Schwarzschild spacetime
For the Schwarzschild spacetime,

A(r) = B(r)−1 = 1−
2M

r
, D(r) = r2 , (21)

the function h(r) specifies to

h(r)2 = r2
(

r

r − 2M
−

ωp(r)2

ω2
0

)

. (22)

Then the bending angle reads

π + δ = (23)

2
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.

We have derived compact analytical formula for angular size of the 
shadow of BH surrounded by spherically symmetric plasma distribution

V. Perlick, O.Yu. Tsupko, G.S. Bisnovatyi-Kogan, Phys. Rev. D 92, 104031 (2015)



Main results for the shadow: 

In the presence of a plasma the size of the shadow depends on the 
wavelength at which the observation is made, in contrast to the 
vacuum case where it is the same for all wavelengths.  

The effect of the plasma is significant only in the radio regime. 

For an observer far away from a Schwarzschild black hole the plasma 
has a decreasing effect on the size of the shadow.  



Conclusions:
1. In presence of both gravity and plasma the deflection angle is physically 
defined by mutual combination of different phenomena: gravity, dispersion, 
refraction.

2. In weak deflection approximation two effects should be taken into account: 
- difference of gravitational deflection from vacuum case  
- refractive deflection (usually bigger) 
Presence of plasma always makes gravitational lensing chromatic

3. It leads to difference in angular position of the same image at different (radio) 
wavelengths, up to milliarcseconds

4. Shadow of BH becomes chromatic and smaller due to plasma.
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